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It  has  been  conjectured  that  a uniquely  decipherable  (U.D.)  code  can 
be  replaced  by  a prefix  code  with  the  same  codeword  compositions..  The 
conjecture  is  proved  for  the  two  length  case,  that  is  for  U.D.  codes  with 
codeword  lengths  from  the  set  This  result  is  then  extended  to  a 

more  general  class  of  U.D.  codes  and  an  equivalent  conjecture  is  proposed 
for  the  general  case. 

1.  Introduction 

The  basic  elements  of  a discrete  communication  system  are  its  source, 
encoder,  channel,  decoder  and  destination.  The  source  may  be  represented 
as  a random  variable,  X,  taking  on  values  from  a source  alphabet 
(x^,X2, . . . ,Xj^}  with  propabilities  pj^,P2» . . . ,p^j  respectively.  A message  is 

a sequence  of  source  characters.  To  facilitate  transmission,  the  encoder 
associates  with  every  source  character,  x^,  a finite  sequence  of  code 
characters  from  the  code  alphabet  a^].  Such  a sequence  of 

code  characters  is  called  a codeword . A code  is  the  collection  of  all 
codewords.  The  encoded  message  is  then  transmitted  over  the  channel  which 
we  assume  to  be  noiseless.  At  the  receiving  end,  the  decoder  attempts  to 
reproduce  the  original  message  by  assigning  a set  of  source  characters  to 
the  coded  message. 

To  avoid  ambiguity,  every  finite  sequence  of  code  characters  must 
correspond  to  no  more  than  one  message.  A code  that  conforms  with  this 
requirement  is  said  to  be  a uniquely  decipherable  (U.D.)  code.  Further- 
more, if  no  codeword  is  a prefix  to  some  other  codeword,  the  code  is  said 
to  be  a prefix  (or  instantaneous)  code.  A codeword  w^,  is  a prefix  of 

codeword  w^,  if  Wj^=Wjb^,  where  w ^ , bj  are  in  juxtaposition  and  bj  is  some 

sequence  of  code  characters. 

The  composition  of  a codeword  w^,  is  written  as 
(d^(i) ,d2(i) , • • • idjj(i))  where  d^(i)  is  the  number  of  times  code  character 

aj  appears  in  codeword  w^.  Given  a set  of  costs  (c^^,C2 c^)  associated 

with  the  respective  code  characters  given 


^ This  work  is  supported  by  the  U.S.  Air  Force  Office  of  Scientific 
Research,  Systems  Command,  Grant  AF-AFOSR-76-3017. 


Code  cost 
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iiJ'i.'Wi,  iiMiM'mitT  cniifs 

The  problem  of  minimizing  the  code  cost  has  been  treated  for  prefix 
codes.  Karp  [2]  gave  an  integer  programming  formulation  and,  if  all  the 
costs  are  equal,  the  problem  is  solved  by  the  well-known  Huffman  algorithm 
i [3].  However,  no  results  exist  for  uniquely  decipherable  codes.  It  is 

known  that  a U.D.  code  can  be  replaced  by  a prefix  code  with  the  same 
codeword  lengths.  . 


Theorem  1;  (Kraft  [4]).  A prefix  code  with  codeword  lengths  n^  .n^, . . . .n^^ 
exists  if,  and  only  If,  the  following  condition  holds: 

M 

^D""t  Si 
i-1 

where  D is  the  number  of  characters  in  the  code  alphabet. 

McMillan  [5]  showed  that  the  same  inequality  must  hold  for  uniquely 
decipherable  codes.  Thus,  every  U.D.  code  can  be  replaced  by  a prefix  code 
with  the  same  codeword  lengths. 


If  the  costs  (Cj^,C2,  • • . ,Cjj)  are  not  all  equal,  the  composition  of  the 

codewords  becomes  important.  The  following  theorem,  independently  dis- 
covered by  Block  [63  and  Carter  and  Gill  [7],  establishes  necessary  and 
sufficient  conditions  for  the  existence  of  a prefix  code  with  a given  set 
of  compositions. 

Theorem  2:  Given  a sec  of  compositions  of  the  form  C - I^Cm^ ,m2> . . . .rn^j)  J", 


there  exists  a prefix  code  with  these  exact  codeword  compositions  if,  and 


where  [nj^  ,n2»  • . • .n^^]  I'S  the  number  of  codewords  with  composition 
(n^ }ti2>  • • • • 

A suninary  of  the  proof  is  described  as  follows: 

The  necessity  of  the  condition  is  a direct  result  of  the  prefix  prop- 
erty. Let  a word  be  a sequence  of  code  characters.  Then  the  product  term 
on  Che  right  side  represents  the  number  of  words  of  composition 
(m^,m2, . ,nijj)  that  have  as  prefix  a word  with  composition  (nj^,n2i  • . • .n^^)  . 
The  product  term  on  the  left  side  is  the  number  of  all  words  of  composition 
(m|,m2, . . . ,0^)*  The  inequality  states  that  Che  number  of  words  of  composi- 
tion (m|^,m2, . • • iIiIq)  must  be  greater  chan  or  equal  to  the  number  of  words  of 
composition  (m2^,m2, . . . ,tD]})  that  are  eliminated  by  the  prefix  property,  plus 
the  number  C®!,®?.  • • .“n  !• 


The  sufficiency  of  the  condition  can  be  shown  by  constructing  a prefix 
code  with  the  given  compositions.  The  construction  proceeds  fvi.rn  the 
shorter  to  the  longer  codewords.  At  each  step,  If  we  require 
[fflj , m2, ...  words  of  composition  (m^,m2, . . . ,mjj)  , it  follows  from  the 

composition  Inequalities  that  there  are  at  least  [oe  .m^, . . . ,nL  3 of 

composition  (m^ ,m2, . . . ,m^)  and  such  that  they  do  not  have  a prefix  In  the 

set  of  words  chosen  so  far.  The  code,  thus  constructed,  will  be  a prefix 
code  with  the  required  codeword  compositions. 

Example  1.  Given  the  compositions  (1 ,1) , (1,1) , (2,0) , (1, 2) , is  there*a 
binary  prefix  code  whose  codewords  have  the  given  compositions? 

The  composition  inequalities  are: 


for 


n/(l-l)+(l-D)  fO) 


for 


for 


or  2 2 2 


n[ (2-2)+(0-0)\  /0\ 

^ I a-. 


or  1 2 1 


/l+2\  /(l-l)+(2-l)\ 

\^r  [ 1.1 


|(l-l)+(2-2) j 


2] 


or  3 2 3 


All  the  composition  inequalities  are  satisfied.  The  only  prefix  code 
with  the  given  codeword  compositions  is:  W * (01,10,00,110}.  However,  if 

one  more  composition  (1,2)  is  added  to  the  above  set,  the  last  inequality 
becomes : 


(l-l)+(2-l) 

1-1 


) 


CI.I] 


+ 


[1.2] 


or  3 2 4 

Thus,  there  is  no  prefix  code  with  codeword  compositions 
((1,1) ,(1,1) , (2,0) , (1,2) , (1,2) }.  This  is  easily  confirmed  by  constructing 
a binary  tree. 

It  has  been  conjectured  [6,7]  chat  theorem  2 holds  for  U.D.  codes.  If 
this  is  true,  the  problem  of  constructing  minimum  cost  uniquely  decipher- 
able codes  reduces  to  chat  of  constructing  minimum  cost  prefix  codes. 


2.  The  Two  Length  Case 


In  chis  secclon  we  show  that  every  uniquely  decipherable  c^Kle  with 
codeword  lengths  from  the  set  can  be  replaced  by  a prefix  code  with 

the  same  codeword  compositions. 

2 

Let  W ■ {wjjW^, . . . ,w^}  be  a non-prefix  uniquely  decipherable  code 
2 

such  that  W ■ 

“ (wx  1 ^ ■ -fi} 

^2  “ 1 ^ " ^2  ^ 

and  \(w)  is  the  length  of  codeword  w. 


Lemma  1.  Let  W be  a non-prefix  U.D.  code,  € W and  Wj 

Then  € W. 


w b • 
t i* 


Proof.  Suppose  that  b^w^  ' 
message  may  be  written  as: 


w.  € V.  Consider  the  message  w w . This 
it  J 1 


WjWi 


w b w 
i i i 


w.w, 
1 k 


Hence,  there  would  be  two  Interpretations  for  the  same  message 

(i.e.  Wj.w^  or  the  code  is  not  a U.D.  code.  This  contradicts 

our  assumption  that  W is  a U.D.  code.  Thus,  b^w^  W. 

2 2 

Consider  now  the  code  W . For  each  codeword  w,  € W that  has  a prefix 

2 J 

in  W , we  construct  a codeword  chain.  A..  . The  first  word  in  the  chain  is 

j 2 

Wj  ■ next  word  is  b^w^.  If  h^w^  does  not  have  a prefix  in  W the 

chain  terminates  with  • Otherwise,  we  can  write  b^w^^  ■ ^ 

and  the  next  word  in  the  chain  is  b.w.  . This  process  is  repeated  until  a 
word  that  has  no  prefix  in  is  reached.  It  will  be  shown  later  that  such 

a chain  must  terminate.  We  represent  the  chain  associated  with  Wj^w^b^by: 

A„  "w,  •w.b,-*b,w.  “w,  b,  -«b,  w,  ■....«wb  -»bw  • .... 

Wj  j till  kk  kk  XX  XX 

Example  2.  Let  ■ {000,001,010,100,00101}.  The  codeword  00101  has  the 
prefix  001  and  the  chain  ^qqxqi  given  by: 


00101 


00101  .*  01001  -»  01010  10010  -»  10100 


Clearly,  all  words  in  a chain  A^  , have  the  same  composition  as  they  are 
cyclic  permutations  of  w^.  j 

2 '2 

Theorem  3.  Let  w.  €W  . w.  ■ w.b.  Cw.  €W  ) and  let  A.,  be  the 'chain  associ- 
j ’ j 1 1 i Wj  >" 

ated  with  w,.  Then,  the  first  word  of  A is  the  only  member  of  the  chain 

J 2 

that  is  a codeword  of  W . 

Proof.  Let  A«j  be: 

" ’'j  " ^•’l  ^ Vi  " \\  Vk  " '’ih  ^ Vi“ - *x*’x'*Vx  “••• 


Suppose  that  is  s member  of  the  chain  and  also  a codeword  of  W . Con- 

sider the  message  B " w .w.w,  w. . . . ,w  .w  . Since  w.  “ w b . , we  cnn  write: 

® j i k 1 x-1  X j i i’ 

B ■ w.b.w.w,  w, . . . .w  ,w 
i i i k 1 x-1  X 

but  b^w,*w,  b,  =»  B ■ WjW,  b,  w,  w, . , . .w  ,w 
iikk  ikkkl  x-1  x 

butb,  w,  “W-b,  » B ■ w.w,  w.b.w,  . . . .w  ,w 
kkll  iklll  x-1  X 


- B - w^wj^w^ 


•b  ,w  ,w 
x-1  x-1  X 


but  b ,w  .-w  b « B ■ w.w,  w, « 
x-1  x-1  XX  1 k 1 


•w  ,w  b w 
x-1  XXX 


Now,  if  b^w^  €W  , there  would  be  two  interpretations  for  message  B.  That 

is  B “ w,-w^*w, w • w.  *w,  -w, w -b  w . This  contradicts  our 

Jik2^  ikl  XXX  2 

assumption  that  W is  a U.D.  code.  Therefore,  b^w^  £ W for  any  x. 

We  noted  before  that  a chain  must  terminate.  If  a chain  K.  . does 

j 

not  terminate,  because  of  the  finite  number  of  words  of  composition  equal 
to  that  of  Wj,  the  chain  must  cycle.  In  other  words,  at  some  point  a 

word  will  be  obtained  that  has  already  appeared  in  the  chain.  Then  part 
of,  or  the  whole  chain,  will  be  repeated  indefinitely. 

2 

Theorem  4.  Let  w, ,w,  € W and  w.  ■ w,b. . Let  A be  the  chain  associated 

i J J i i w, 

with  w,.  Then  A contains  no  cycles. 
i Wj 

Proof.  First  suppose  that  the  chain  cycles  to  a word  other  than  w,.  That 
is:  ^ 


A,.  ■ w ,■  w.b.  -»b  .w.  -....*  w b -*b  w «....■  w b -*b  w ■ b w 

Wj  j iiil  nnnn  pppp  nn 

Since  the  codewords  w and  w are  of  equal  length  ('t, ),  it  follows  that 

n p 1 

w > w and  b *■  b . But  then  from  the  chain  we  have  that: 
n p n p 

b ,w  - ■ w b and  b ,w  , ■ w b 
n-1  n-1  n n p-1  p-1  p p 

Since  w b ■ w b it  follows  that  b -w  , ■ b -w  Then,  by  the  same 
n n p p n-i  n-i  p-i  p-i 

argument,  Wjj  " *^p-l  ^n  1 " ^p-1'  process  is  repeated  until  we 

reach  w^.  Then  we  have  the  following  situation: 


A ■ w,  “ w.b,  ^ b,w,  -. 
Wj  J i 1 i i 


• 11  11  j 


Theorem  3 states  that  the  first  word  of  A,^  (i.e.  w.)  is  the  only  word 

2 2 J 2 

that  belongs  to  W . But  if  b^w^^  iV  «»  Wj  £ W , a contradiction.  The 


ambiguous  message  for  this  case  Is: 


B ■■  w *w  . 


• w 


J’ 


2 We  now  describe  a method  for  replacing  a uniquely  decipherable  code 
with  a prefix  code  with  the  same  codeword  compositions  as  W^.  Given 
2 

the  U.O.  code  W , define  the  set  S as  follows: 

2 2 
S ■ {Wj€W  1 ’'j  “ *1^1  some  w^6  W } 

Then,  for  each  member  of  S,  we  construct  a chain  and  form  the  set  S'  where: 

2 

s'  • {b  w Iw  €W  and  b w is  the  last  word  in  a chain  A , w.  €S} 

' X X ' X XX  ”j  ^ 

Lensna  2.  If  |C  j is  the  cardinality  of  set  C,  we  have  [S  l*|s'  |. 

Proof.  This  follows  from  the  fact  that  no  two  chains  can  have  any  words  in 
cooBDon.  Suppose  that  the  chains  A , A have  common  words.  Then, 


w 


J 


A ■ w,  ■ w,b,-»  b.w,  ■. 
Wj.  J 1111 


w. 


w,  • w'b,'-»  bJw'  «. 
k 11  11 


w b 
11 


w'b' 
f f 


'■f“£  ■ Vl  ■ "l+l^+l- 


\ ■ *£' 


By  the  argument  used  in  the  proof  of  Theorem  A,  we  have: 
bf  ■ bj  which  Implies  that  ■ '^f-l»  ^i-l  " ^i-1 

chains  cannot  have  equal  lengths  because  that  would  require  that  w^  * ”{c’ 


Thus,  the  shorter  of  the  two  chains,  say  A , is  a part  of  the  longer  one, 

2 

A . But  then  the  codeword  w,  €W  appears  in  K,.,  while,  by  Theorem  3,  w 
w,  * 2 2 ^ 

is'*the  only  member  of  A that  belongs  to  W . Thus  w.  ? W , a contradic-* 

w K 

tion.  ■' 


The  code  W«W-S  -fS'  is  then  a prefix  code  with  the  exact  same 

2 

codeword  compositions  as  W . 

Example  3.  Consider  the  binary  U.D.  code  W given  by: 

W^  - (000,001,010,100,00110,10011,01011,01111,11011,00101} 

The  set  S Is:  S - {00101,00110,10011,01011} 

We  now  construct  the  chains  associated  with  each  member  of  S. 


Aooioi  ■ 00101  •♦OlOOl  -»01010  -*10010  .*10100 

Aooiio  • 00110 -*10001 -*01100 

*10011  ■ 10011 -“loo 

*01011  ■ 


{10100,01100,11100,11010}  and  the  prefix  code  W 


Then  the  set  S'  is:  S'  • 

is: 

W » {000,001.010,100,10100,01100,11100,11010,01111,110111 

3 . An  Extension  of  the  Two  Length  Case 

The  method  used  for  the  two  length  case  can  be  applied  to  a more  gen- 
eral class  of  U.D.  codes.  The  basic  requirements  are  that  the  concept  of 
a codeword  chain  is  applicable  and  that  Lenina  2 holds.  Let  be  a non- 
prefix U.D.  code  such  that: 

“ {^^^  ,^^2 ’ ' * * ' * ^1^^2 

Pj  - {wj^  IX(w^)  - I,  l>\(w^)  V Wj  € ?2  } 

and  ?2  is  both  a prefix  and  a suffix  code.  A code  P is  said  to  be  a suffix 

code  if  no  codeword  Wj^^Pis  a suffix  to  some  other  codeword  w,€P,  i.e. 

Wjft  b^w^  for  any  w^,Wj€  P.  ^ 

Lemma  3.  All  suffix  codes  are  uniquely  decipherable. 

Proof.  Suppose  that  suffix  code  P - {wj^  ,W2, . . . .w^^}  is  not  uniquely  deciph- 
erable. Then  there  is  at  least  one  ambiguous  message.  Let  that  message 
be;  B - Wj^W2Wj...w^  - w^w^w^...w^.  Then  we  can  either  write  w^  - b^w^  or 

w'“b  w,  for  some  sequences  of  code  characters  b,,b' . Either  case  contra- 
g g f £ 8 

diets  our  assumption  that  P is  a suffix  code. 


Prefix  and  suffix  codes  are  very  similar  in  structure.  However,  suf- 
fix codes  are  impractical  because  decoding  may  have  to  wait  until  the  whole 
message  is  received.  As  in  the  two  length  case,  we  can  construct  codeword 
chains  A for  all  w^  € P,  that  have  a prefix  in  P-.  Also,  Tneorem  3 still 
w J 1 ^ 

holds.  J 


Lemma  4.  Let  A ,A^  , . . *A„  be  the  chains  associated  with  the  codewords 
Wj  Tqc  Wn 

Wj  ^ ^1  * Then 

a)  no  two  (or  more)  chains  can  have  common  words 

b)  all  chains  must  terminate 


Proof,  a)  From  Theorem  3 it  follows  that  no  chain  can  be  part  of  another 
chain.  Also,  since  Wj  Wj^  >4...?*  w^  and  P2  is  a prefix  code,  at  any  step 

in  the  construction  of  the  chains  there  is  no  more  than  one  way  for  the 
chain  to  grow  (i.e.  a chain  can  not  split  up  into  two  or  more  subchains). 
Suppose  that  chains  A ,A  merge: 

”j  k 


j ^ 
k 


“■l”!  ■ ‘’W  ■ Vs’  Vs 


From  Theorem  3,  it  follows  that  b^w^  ■ b^w^  €P^.  Then,  € Pj  and 


either  is  a suffix  of  w^,  or  Is  a suffix  of  w^.  This  contradicts  our 
assumption  that  ?2  Is  a suffix  code. 

b)If  a chain  does  not  terminate,  It  must  cycle.  Let  (ic: 

V ■ ■ "l"!- Vl  ■ ”2'’2-'’2"2  ■•••• 

- '■g-l"g-l  * Vg  ■ ”£*’£ 

Since  w ,w,  € P>  and  is  a prefix  code,  we  must  have  w « w,. 

8 f 2 4 2 f 

Also,  since  P.  is  a suffix  code  it  follows  that  w , ■ w.  , and  so  on  until 

fc  2 * X £ * L 

we  reach  w,.  Then,  by  Theorem  3,  w,  6 W a contradiction.  Q.E.D. 

J J P 

Example  4.  Consider  the  code  W ■ (001,010,100,1010,00101].  We  have: 


00101 


00101  -*01001  -*01010  -*10100  -*01010  -* . . . 


The  chain  cycles.  By  Theorem  4b  the  code  Is  not  uniquely  decipherable. 
One  ambiguous  message  is: 

B - 001 -010 -010 *100 *1010  = 00101 *00101. 001 *010 

We  have  then  shown  that  the  U.D.  code  W^  can  be  replaced  by  a prefix 
code  with  the  same  codeword  compositions. 


Example 


We  have: 


. Consider  the  U.D.  code 

Wp  - {00,010,101,0110,1110,00111,10111,01001,11111} 

Pj  - {00111,10111,01001,11111} 

- {00,010,101,0110,1110} 


'00111 


'10111 


'OlOOl 


00111  -*11X00  -*01110 
10111  -*11101  -*11110 


01001  -*01010 -*10010 


The  required  prefix  code  is  W'  = - S + S'  or 

W'  - {00,010,101,0110,1110,01110,11110,10010,11111} 

4.  The  General  Case 

We  start  with  the  following  conjecture. 

Conjecture  A.  Every  uniquely  decipherable  code  must  satisfy  the  composi- 
tion Inequalities  established  for  prefix  codes. 

Suppose  chat  conjecture  A is  false.  Then  there  Is  a uniquely  deci- 
pherable code  such  that  at  least  one  of  the  composition  inequalities  is  not 
satisfied.  Let  W - {wj,W2, . . . ,w^}  be  such  a code,  and  let  (mj^,m2, . . . .nip) 

be  a composition  of  minimum  length. 


(^o^),  for  which  Che  corresponding  inequality  is  not  satisfied.  Consider 
i-1 

Che  code  W defined  by: 

W - {w^  1 m^(i)  3 j <01^,  isj  so  } 

* 

Code  W is  a U.D.  code  because  it  is  a subcode  of  W . Furthermore, 
all  the  composition  inequalities  are  satisfied  for  W.  Therefore,  there 
exists  a prefix  code,  W , with  the  same  codeword  compositions  as  W.  Let 
R be  the  set:  * 

R=  {w^  ew  I k(Wj)  a (m^,m2, . . . ,rajj)  } 

where  k(Wj)  is  the  composition  of  w^ , Then,  the  code  WUR  is  a U.D.  code 
but  there  is  no  prefix  code  with  the  same  codeword  compositions  as  WUR. 

This  means  that  |r  | is  greater  than  Che  number  of  words  of  composition 
(m^ ,m2, . . . ,mjj)  that  can  be  added  to  W'  without  violating  the  prefix  prop- 
erty. Equivalently,  the  U.D.  code  W eliminates  less  words  of  composition 
(m^,m2, . . . ,nijj)  than  the  prefix  code  W'.  Thus,  conjecture  A is  equivalent 

to: 

Conjecture  B.  Given  any  non-prefix  U.D.  code  W ■ {w^^ ,W2» . . . .w^^}  and  a pre- 
fix code  W'  ■ {w^ .w^, . . . ,WjJj}  such  that 

” k(wp  a (m^(i)  ,m2(i) , . . . .iHjjCi))  for  1 S i s M,  let  the  composition 
(m^,m2 nijj)  satisfy:  m^sm^  (i)  for  all  i,j  and  3 j >mj(i), 

iSiSH,  ISj  £D.  Then  code  W eliminates  at  least  as  many  words  of  compo- 
sition (mj,m2,. . . ,mjj)  as  codeW'. 

Code  W’  eliminates  those  words  of  composition  (m^ ,m2, . • .ni^)  that  can 

be  written  as  w^  bj(i),  w^  €W.  Consider  the  word  pairs  (w^bj(i), 

bj(i)Wi>.  From  Lemma  1,  it  follows  that  at  least  one  word  from  each  pair 

is  eliminated  by  W (if  borh  words  are  added  to  W,  the  augmented  code  is  not 

a U.D.  code).  Since  the  number  of  pairs  is  equal  to  the  number  of  words 
of  composition  (m^ ,m2, . . . .m^)  that  are  eliminated  by  W',  it  follows  that 

conjecture  B is  true  if  the  words  w^b^(i),  bj(i)w^  are  distinct  for  all 

i,j.  Unfortunately,  this  is  not  the  case.  In  certain  cases,  the  matching 
that  may  occur,  can  be  resolved  by  considering  non-cyclic  permutations. 

In  general  however,  the  question  remains  open. 

5.  Conclusion 


It  is  proved  that  any  uniquely  decipherable  code  with  codeword  lengths 
from  the  set  can  be  replaced  by  a prefix  code  with  the  same  code- 

word compositions.  The  proof  is  based  on  the  concept  of  a codeword  chain. 
This  result  is  then  extended  to  the  more  general  class  of  uniquely  deci- 
pherable codes  described  by: 

where  - {wj  | X (Wj)  = I,  I > X(w^)  Vw^  € P2}  and  P2  is  both  a prefix  and 
a suffix  code. 


r 


> . 


The  general  case  is  then  discussed  and,  using  a theorem  discovered  by 
Block  [6]  and  Carter  and  Gill  [7],  a conjecture  on  the  replacement  of 
uniquely  decipherable  codes  by  prefix  codes  with  the  same  codev:rd  composi- 
tions Is  proposed.  Some  implications  of  this  conjecture  are  i;lieu  discus- 
sed. No  device  analogous  to  a codeword  chain  could  be  found  for  the  gen- 
eral case.  Attempts  to  prove  or  disprove  the  conjecture  have  been  unsuc- 
cesful  so  far. 
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